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Abstract

We introduce and characterize a new solution concept for TU
games. The new solution is called SD-prenucleolus and is a lexi-
cographic value although is not a weighted prenucleolus. The SD-
prenucleolus satisfies several desirable properties. Itis the only known
solution that satisfies core stability, strong aggregate monotonicity and
null player out property in the class of balanced games. It is the only
known continuous core concept that satisfies monotonicity for games
with veto players.
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1 Introduction

This paper introduces and characterizes a new solution concept for coalitional
games with transferable utility (TU games). The new solution is a lexico-
graphic value, so its name (SD-prenucleolus) reflects its connection with the
classic, widely-analyzed prenucleolus. The solution also has a relationship
with the family of weighted prenucleoli although it is not a member of this
family. In particular, the new solution shares some similarities with the per
capita prenucleolus. The SD-prenucleolus satisfies several desirable proper-
ties. It is the only known solution that satisfies core stability, the Null Player
Out property and strong aggregate monotonicity in the class of balanced
games. It is the only known continuous core concept satisfying monotonicity
in the class of convex games and in the class of veto balanced games.

Given a TU game the prenucleolus, defined as a lexicographic value, se-
lects the vector of excesses of coalitions that lexicographically dominates any
other vector of excesses of coalitions. When this vector is selected its asso-
ciated allocation is automatically selected and this proves to be the prenu-
cleolus of the game. When the excesses of coalitions are weighted by using
a system of weights for the size of the coalitions this procedure will generate
the different weighted prenucleoli. In the per capita prenucleolus excesses
are divided by the size (cardinality) of the coalition.

In this paper we propose a different way of computing the excesses of
coalitions given an allocation'. Once the vector of excesses is computed for
any allocation the SD-prenucleolus arises as the lexicographic optimal value
in the set of vectors of excesses of coalitions. We characterize the solution
in terms of balanced collections of coalitions, the equivalent of Kohlberg’s
classic theorem of the prenucleolus (Kohlberg, 1971). This characterization
is the main tool for checking whether an allocation is the SD-prenucleolus
of the game. Section 5 provides a simple formula for computing the SD-
prenucleolus of monotonic games with veto players. In this class, the SD-
prenucleolus satisfies coalitional monotonicity.

'In Section 3 we explain and interpret the new vector of satisfactions.



2 Preliminaries

2.1 TU Games

A cooperative n-person game in characteristic function form is a pair (N, v),
where N is a finite set of n elements and v : 2V — R is a real-valued function
in the family 2V of all subsets of N with v(()) = 0. Elements of N are called
players and the real valued function v the characteristic function of the game.
Any subset S of NV is called a coalition. Singletons are coalitions that contain
only one player. A game is monotonic if whenever T' C S then v(T) < v(95).
The number of players in S is denoted by |S|. Given S C N we denote by
N\S the set of players of N that are not in S. A distribution of v(/N) among
the players, an allocation, is a real-valued vector x € R" where z; is the
payoff assigned by x to player i. A distribution satisfying > x; = v(N) is
called an efficient allocation and the set of efficient allocati(l)flg is denoted by
X (v). We denote Y x; by x(S). The core of a game is the set of imputations
that cannot be blz)ecsked by any coalition, i.e.

C(N,v) ={z € X(N,v):x(S) >v(S) forall S C N}.

It has been shown that a game with a non-empty core is balanced® and
therefore games with non-empty core are called balanced games. Player i is
a veto player if v(S) = 0 for all S where player i is not present. A balanced
game with at least one veto player is called a veto balanced game. We denote
by I'g the class of balanced games and by I'yyp the class of veto balanced
games.

A solution ¢ on a class of games I'j is a correspondence that associates a
set o(N,v) in RV with each game (N, v) in 'y such that x(N) < v(N) for all
x € @o(N,v). This solution is efficient if this inequality holds with equality.
The solution is single-valued if the set contains a single element for each
game in the class.

Given x € RY the excess of a coalition S with respect to x in a game v is
defined as e(S, z) := v(S) — x(.5). Let 0(z) be the vector of all excesses at x

2See Peleg and Siidholter (2007).



arranged in non-increasing order. The weak lexicographic order <, between
two vectors x and y is defined by = <, y if there exists an index k such that
=1y forall | < k and xp < y, or x = y.

Schmeidler (1969) introduced the prenucleolus of a game v, denoted by
PN(v), as the unique allocation that lexicographically minimizes the vector
of non increasingly ordered excesses over the set of allocations. In formula:

{PN(N,v)} ={x € X(N,v)|0(x) =L (y) for all y € X(N,v)}.

For any game v the prenucleolus is a single-valued solution, is contained
in the prekernel and lies in the core provided that the core is non-empty.

The per capita prenucleolus (Groote, 1970) is defined analogously by
using the concept of per capita excess instead of excess. Given S and x the
per capita excess of S at xis

v(S) = (5)

e’(S,z) == 5

Other weighted prenucleoli can be defined in a similar way whenever
a weighted excess function is defined. The same solution concepts can be
analogously defined using the notion of satisfaction instead of excess. Given
r € RY the excess of a coalition S with respect to x in a game (N, v) is defined
as f(S,z) := z(S) —v(5). In this paper we use the notion of satisfaction in
defining the new solution.

2.2 Properties

Some convenient and well-known properties of a solution concept ¢ on I'y
are the following.

e ¢ satisfies anonymity if for each (N, v) in I'y and each bijective map-
ping 7 : N — N such that (N, 7v) in I'Ty it holds that (N, Tv) =
7(p(N,v)) (where To(rT) = v(T), T2,y = z; (x € RY,j € N,T C
N)). In this case v and Tv are equivalent games.



© satisfies equal treatment property (ETP) if for each (/V,v) in
[y and for every x € ¢(N,v) interchangeable players i, j are treated
equally, i.e. x; = x;. Here, ¢ and j are interchangeable if v(S U 1) =
v(SUy) forall S C N\ {i,j}.

¢ satisfies desirability if for each (N,v) in Iy and for every x €
©(N,v), z; > x; if i is more desirable than j in v. We say that in a
game v a player i is more desirable than a player j if v(SUi) > v(SUJ)
for all S € N\ {4,j}.

¢ satisfies covariance if (N,v),(N,av + ) € Ty for any o > 0 and
any 3 € RY implies that p(N,av + ) = agp(N,v) + 3 holds.

¢ satisfies null player property if for each (N, v) in I'y and for every
x € p(N,v) null players receive 0. Here, a player is a null player if
v(SU{i}) =v(S) for all S C N\ {i}.

¢ satisfies null player out property (NPO) if for each (/NV,v) in Iy
and for every x € ¢(NN,v) it holds that (z;)icn\r € ¢(IN\T,v). Here T
is the set of null players in game (N, v).

The NPO property implies the Null Player property. Both properties

try to capture the idea that null players should not influence the allocations
selected by a solution. However, only the NPO property captures entirely
this idea. If the payoff of some players (different than the null player) can
be affected for the presence of null players is difficult to conclude that null
players are irrelevant players.

o satisfies core stability if it selects core allocations whenever the
game is balanced.

Note that desirability implies ETP. The following two properties are de-

fined for single-valued solutions.

 satisfies coalitional monotonicity: if for all v, w € I'y, if for all S #
T, v(S) =w(S) and v(T) < w(T), then for all i € T, p;(v) < p,(w).



e ¢ satisfies aggregate monotonicity: if for all v,w € Ty, if for all
S # N, v(S) =w(S) and v(N) < w(N), then for all i,j € N, ¢,(w) —
@;(v) = 0.

e ¢ satisfies strong aggregate monotonicity: if for all v,w € Ty, if
for all S # N, v(S) = w(S) and v(N) < w(N), then for all i,j € N,
pi(w) — ¢;(v) = @;(w) —¢;(v) = 0.

Young (1985) proves that no solution satisfies coalitional monotonicity
and core stability. However, there are solutions satisfying core stability and
the strong aggregate monotonicity. Meggido (1974) proves that the nu-
cleolus does not satisfy aggregate monotonicity. Clearly, strong aggregate
monotonicity implies aggregate monotonicity.

3 A vector of satisfactions

3.1 Introduction

The prenucleolus is a lexicographic value that selects a maximal element in
the set of vectors of excesses of coalitions. The solution does not change if the
vector of satisfaction is taken instead of vectors of excesses. In the definition
of the new lexicographic value we use the notion of satisfaction instead of
excess. The main change with respect to the classic prenucleolus, the per
capita prenucleolus and any other weighted prenucleolus lies in how the vector
of satisfactions is defined. The main idea of the new vector of satisfactions
is to identify how a coalition divides its surplus (the difference between the
payoff received by the coalition and the worth of the coalition) among its
members. We also require this distribution to keep some consistency. We
argue that the classic prenucleolus has no answer to this question while the
per capita prenucleolus provides an unsatisfactory answer.

Before introducing the new vector of satisfactions we illustrate by means
of an example the two ideas that support the new solution.



Consider the following 4-player game® (N, v):

1 if S e {{1,3,4},{1,2,4}}

] 4 if S = {1,2,3}
8 =1 g it S =N
0 otherwise.
Consider the prenucleolus of the game, the allocation z = (2,2,2,2).

The satisfaction of coalition {1,2,3} is 2 and players 1, 2 and 3 share this
surplus. That is, if the surplus obtained by player 1 in coalition {1, 2,3} at
x is 2 then the surplus obtained by players 2 and 3 in coalition {1,2,3} at
x is 0. However, player 4 owns the entire satisfaction obtained by coalition
{4} at x. From the point of view of the coalitions it can be asserted that
coalitions {1,2,3} and {4} have been treated equally at = but this assertion
is not so evident from the point of view of the players.

The per capita prenucleolus apparently solves this question. Consider the
per capita prenucleolus of the game, the allocation y = (2.6,2.2,2.2,1).

The per capita satisfaction of coalition {1, 2,3} is 1 and players 1, 2 and 3
share a total surplus of 3. That is, the per capita satisfaction can be seen as
how much each player receives from the total surplus. Now the assertion that
players in coalition {1,2,3} and player 4 have been equally treated at y can
be justified. But consider now the situation of coalition {2,4}. According
to the per capita satisfaction it must be concluded that each player in the
coalition receives a surplus of 1.6, i.e. more than the total payoff received
by player 4. It seems incorrect to allocate a surplus of 1.6 to player 4 in
coalition {2,4} at y. It seems more correct to consider that the total surplus
of coalition {2,4} at y has been distributed as follows: player 2 gets 2.2 and
player 4 gets 1.

These ideas motivate the definition of a new vector of satisfactions (and
therefore a new lexicographic value) and the name of the new solution con-
cept: Surplus Distributor Prenucleolus.

3In Section 4 we compute the SD-prenucleolus of this game, i.e. (3,2,2,1).



3.2 The Algorithm

Consider a game (N,v) and an allocation x. Our goal is to calculate a
satisfaction vector {F'(S,z)}scny. We define the components of this vector
recursively by defining an algorithm.

The algorithm has several steps (at most 2" — 2) and at each step we
identify the collection of coalitions that has obtained the satisfaction. We
denote by H this collection of coalitions. In the first step this collection H
is empty. The algorithm ends when H = 2V.

For a collection H and a function F' : H — R the function Fy : 2V — R
is defined. To this end, we introduce some notation.

For H C 2V we denote

mw(S)= |J T

TeH,TCS

and also for a collection H C 2V and a function F' : H — R we denote
by fr.r(i,S) the satisfaction of player i with respect to a coalition S and a
collection H (i € ox/(95)):

fH,F(ia S) = min F(T)

T:TeHETCS
Note that this definition can only be used in a situation when the function
F(S) is defined for all S € H.
Now we define a function Fy, : 2¥ — R. We consider two cases (since it
is evident that o4(S) C 5):
1. Relevant coalitions. 04(S) # S. In this case the satisfaction of S is

2(S) —v(S) = > fur(i,S)

iEO’H(S)

FulS) = ST Ton(d)]

Note that if the collection H is empty then the current satisfaction of the
coalition S coincides with its per capita satisfaction:

2(5) — v(S)



2. Non relevant coalitions. o4(S) = S. In this case the current satisfac-
tion of S is

Fy(S) = 2(5) — v(S) — ; Frr(i, §) +max fr (i, S)

Therefore for any function F': H — R the value fy (7, 5) can be calcu-
lated for every coalition S and player i € o4(S). Also if a function fz (-, ")
is defined for each S C N and i € 04(.S) then the function Fp, can be defined.

The algorithm for the satisfaction vector is defined as follows:.

Algorithm 1 Consider a game (N,v) and an allocation x € X (N,v).
Step 1: Set k=0, Ho =10. Go to Step 2.
Step 2: Set

Hir1 = Hr U{S € Hi : F, (S) = min Fy, (1)}
TEHy

Step 3: Define for each S € Hy1 \ Hy:

Step 4: If Hy1 # 2V \ {N} then let k = k +1 and go to Step 2, else go
to Step 5.
Step 5: Stop. Return the vector

{F(5),5 ¢ N}

For simplicity we use the notation F'(.S) instead of F(S,z).

Note that according to this algorithm if the game introduced in this sec-
tion and the allocation y (the per capita prenucleolus of the game) are con-
sidered it holds that F'({2,4},y) = 2.2 > 1.6.

The outcome provided by the algorithm satisfies several interesting prop-
erties, which are pointed out in the following lemmas.

Lemma 2 Let (N,v) be a TU game and x be an allocation. Let function F
be the result of Algorithm 1 and let {H;}i=1.r be the associated collections of
sets. Then

1. the function F' is defined for every S C N

2. the function F is continuos.



Proof. 1. It holds that Hy = 0, Hy = 2V \ {N}. In the i-th stage
of the algorithm the function F is defined for all coalitions from H; \ H,;_;.
Therefore at the end this function is defined for all coalitions in

L (Hi\ Himt) = Hi \ Ho = 2\ {N}.

i=1..k

2. This is immediately apparent. m

Lemma 3 Let (N,v) be a TU game and x be an allocation. Let function F
be the result of Algorithm 1 and let {H;}i=1.x be the associated collections of
sets. If S € H;, T & H; then F(T) > F(S).

The proof is in the Appendix. This lemma implies that for a relevant
coalition (o4 (S) # S) it holds that

() = v(S) = (IS] = lon(S)VFu(S) + Y frur(i,S) = frur(i,S)
i€on(S) €S
which can be interpreted as a distribution of the total surplus of coalition S
among its members. The following 3-person game is used to illustrate how
this algorithm works. Let (N, v) be a game where N = {1,2,3} and

0 if 5] = 1

4 if Se{{1,3},{1,2}}
~10 if §={2,3}

6 if $ = N.

v(5) =

Consider the allocation z = (5,1,0). Applying the algorithm the following is

obtained:
Coalition Satisfaction

{3} 0

{2} {1,2}{1,3} 1

{1} 5

{2,3} 11.
Coalition {2,3} is a non relevant coalition. The rest of the coalitions are
relevant coalitions. Consider the satisfaction of coalition {1,3} . This coali-
tion has a subset (coalition {3}) that has already obtained its satisfaction.

10



This fact is incorporated into the computation of the satisfaction of coalition
{1,3} since 0%({1,3}) = {3}. Therefore

z({1,3}) —v({1,3}) — iea}({:l,g}) (i {1,3}) 5—4-— 0.

[{1,3} | = lon({1,3})] o2-1

The total surplus of the coalition is divided as follows: player 1 gets 1

FH({17 3} ,J}) =

and player 3 gets 0.

The case of non relevant coalitions is different. If a coalition is non rele-
vant for any player in the coalition there exists a subset of the coalition with
a lower satisfaction and that subset determines the individual satisfaction of
the player in the non relevant coalition. Note that

r({2,3}) —v({2.3}) = 11> Y fur(i,{2,3}) =1+0.

i€on({2,3})
4 The SD-prenucleolus

4.1 Definition

We define the new solution concept (the SD-prenucleolus) as a lexicographic
value in the set of vectors of the new satisfactions. We denote the SD-
prenucleolus of game (N, v) by SD(N,v).

The definition of the SD-prenucleolus coincides with the definition of the
classic prenucleolus, except that we use the vector of negative satisfactions
{=F(S,z)} instead of the vector of excesses. Therefore the SD-prenucleolus
is a lexicographic value that selects from a set a vector that lexicographically
dominates the other vectors of the set.

We now formulate it in detail.

We say that the satisfaction vector F* = {F(S,x)}scn dominates the
satisfaction vector F¥ = {F(S,y)}scn if there is k > 1 such that

1. F* = FY for all i <k

2. FF > FY,

where F** and F¥ are the vectors with the same components as the vectors
F*, F¥, but rearranged in a non decreasing order (i > j = F* < Ff)

11



We say that the vector x belongs to the SD-prenucleolus if its satisfaction
vector dominates (or weakly dominates) every other satisfaction vector.

Definition 4 Let (N,v) be a TU game. Then x € SD(N,v) if and only if
for any y € X(N,v) it holds that F* = FY.

Similarly to the prenucleolus, the SD-prenucleolus satisfies nonemptiness
and single-valuedness on the class of all TU games.

Proposition 5 Let (N,v) be a TU game. Then |SD(N,v)| = 1.

Proof. The standard proof of the nonemptiness of the prenucleolus can
be repeated in this case with no changes. The proof of single-valuedness is
also very close to the standard one but has some differences. Assume that
there is a pair of vectors =, y € X (IV, v) such that both vectors {—F (S, z)}scn,{—F (S, 2) }scn
dominates a vector {—F(S, z)}scn for every z € X(N,v).

Consider the allocation t = *¥ and the vector {—F(S,t)}scy. Because
x # y the number k can be chosen such that for every ¢ < k it holds that
Hi(z) = H;(y) and that Hi(z) # Hi(y).

Assume that because of the linearity of functions f and F' it can be
concluded that for ¢ < k it is also true that H;(z) = H;(¢).

Consider the k-th stage of the algorithm for all three vectors (z,y,1).
We can note that functions f and F' are the same for these vectors. Denote
Fﬁk( s) for S € H}\'Hy—1 by G. Because of the coincidence of the satisfaction
vectors for x and y it also holds that G = Fﬁ’lk 1) for T € H} \ Hy—1.

With no loss of generality it can be assumed that there exists T €
Hygy(x) \ Hyg(y). By the linearity of the function F' it can be concluded

that
. Fn (D) + Fy, (T)  Ge+ Fy, (T)
Fkal(T) - 2 = 2

Because of T' ¢ Hy.(y) we get Fy,  (T') > Gj. Therefore

Gr+ F}, (T)
Fly, (1) = S > G

The same conclusions can be used for an arbitrary coalition U which
belongs to Hy.(y) but not to Hy(z). Therefore the collection of coalitions with

12



satisfaction less than or equal to G, for the vector ¢ is equal to the intersection
of such collections for vectors = and y. It means that the satisfaction vector
for ¢ dominates the satisfaction vectors for x and y and this contradicts the
assumption. =

4.2 Properties

The new solution shares other interesting properties with the classic prenu-
cleolus and the per capita prenucleolus. It is not difficult to prove that
the SD-prenucleolus satisfies desirability (and therefore the equal treatment
property), anonymity, covariance and efficiency.

The SD-prenucleolus is a core selector, i.e. if a game is balanced its SD-
prenucleolus is a core allocation. This is so because any core allocation has
a non negative vector of satisfactions.

Unlike the prenucleolus, the SD-prenucleolus satisfies strong aggregate
monotonicity. This property is also satisfied by the per capita prenucleolus.

Proposition 6 The SD-prenucleolus satisfies the strong aggregate monotonic-
1ty property.

The proof is in the Appendix.

We show that the SD-prenucleolus does not satisfy the null player prop-
erty by showing that there is incompatibility between strong aggregate monotonic-
ity, the null player property and core stability.

Proposition 7 If a solution ¢ defined in the class of all TU games satisfies
core stability and the null player property then ¢ does not satisfy the strong
aggregate monotonicity property.

Proof. Consider the following two games (N, v;) and (N, vs) where N =
{1,2,3,4} and
0 if|S]=1
v1(S)=< 0 if|[S|=2and4€ S
4 otherwise,

13



6  ifS=N
qﬂﬁz{m@)ﬁS¢N

In game (N, v;) player 4 is a null player and therefore ¢, (NV,v;) = 0. In
game (N, vy) the core is {(2,2,2,0)} and therefore ¢, (N, v2) = 0. It must be
concluded that ¢ violates strong aggregate monotonicity. m

Therefore, the SD-prenucleolus and the per capita prenucleolus do not

satisfy the null player property on the class of all TU games.

Obviously, on the class of balanced games a solution that satisfies core
stability must satisfy the null player property. But this is not necessarily
true for the NPO property. For example, the per capita prenucleolus does
not satisfy the NPO property. The result below reinforces the interest in the

new solution.

Proposition 8 The SD-prenucleolus satisfies the NPO property on the class

of balanced games.

The proof is in the Appendix.
In the class of balanced games the SD-prenucleolus is the only known

single-valued core selector that satisfies the NPO property and strong aggre-

gate monotonicity*.

4The per capita prenucleolus violates the NPO property as the following example shows.
Consider the games (N, v1) and (N\ {4},v2) where N = {1,2,3,4} and

7 if Se{{1,2,3}, N}
vi(S)=4¢ 4 if Se{{1,2},{1,2,4}}
0 otherwise,

7 if S=N\{4} ={1,2,3}
v2(S) = 4 if S={1,2}
0 otherwise.

In game (N,v1) player 4 is a null player and game (N\ {4} ,vs) results after elim-
inating player 4 from game (N,v1). The per capita prenucleolus of game (N,vq) is
(2.25,2.25,1.5,0) and the per capita prenucleolus of game (N\ {4}, v2) is (3,3, 1).

14



4.3 Kohlberg’s characterization

We provide the equivalent of Kohlberg’s theorem for the SD-prenucleolus.
For this purpose we introduce the following notation. Given an allocation x
and a real number o we define the following set of coalitions

B,={SCN:F(Sz) <a}.

The theorem is useful for checking whether an allocation is the SD-
prenucleolus of a game or not. In fact, it is used to prove the main result of
Section 6.

Theorem 9 Let (N,v) be a TU game and x be an allocation. Then x =
SD(N,v) if and only if the collection of sets B, is empty or balanced for
every a.

Proof. Assume that + = SD(N,v) and that the theorem is not true.
Let us choose the minimal « for which the collection of sets B, is nonempty
and not balanced. It is immediate that the collection B, coincides with the
collection H;, for some k.

The assumption of the minimality of the value a implies that for every
m < k the collection of sets H,, is balanced. The non-balancedness of the
collection Hj, implies that there exists a vector y such that

iEN
2. > y; > 0 for each S € H;,
i€S
3. There is S € Hj, such that > y; >0
i€S
Moreover, by using the fact that the collection Hy_; is balanced we can

conclude that > y; = 0 for every T' € Hy_;.
€T
Let us consider the vector = + ey for
that

1. for every T' € Hj_, the satisfaction with respect to vector x + ey is

"small"’ positive value €. It holds

equal to the satisfaction with respect to vector x

®See Peleg and Sudholter (2007) for the definition of a balanced collection of sets.
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2. for every T' € Hy \ Hy_1 the satisfaction with respect to vector x + ey
is higher than or equal to the satisfaction with respect to vector x and there
exists the coalition U such that this inequality is strong.

It is also immediately apparent that a value € be chosen that is so small
that the following collections H,,, for m > k will be not important. Therefore
the vector x + ey dominates the vector x.

Therefore if a collection Hj, is not balanced then the allocation z is not
the SD-prenucleolus of the game. And if the allocation x is not the SD-
prenucleolus of the game then there exists some collection H; that is not
balanced. m

Using this theorem it can be asserted that the allocation (5,1,0) is not
the SD-prenucleolus of the second TU game in Section 3.

In general, the computation of the new solution is not an easy task. Like
the prenucleolus, the calculation of the SD-prenucleolus of a game is an open
challenge. In this sense, the characterization above is a first step that allows
it to be checked whether an allocation is the SD-prenucleolus of the game.
In Section 5 we introduce a formula for computing the SD-prenucleolus of
veto balanced games.

5 Games with Veto Players

The class of games with veto players has been widely used to model economic
situations where the presence of special players is needed in order to achieve
some positive outcome. The list of papers that consider TU games with veto
players is long. Our main purpose is to provide an easy way to compute the
SD-prenucleolus of games with veto players.

Arin and Feltkamp (2012) introduce and characterize the Serial Rule for
the class of veto balanced games. Let (IV,v) be a game with veto players and
let player 1 be a veto player. Define for each player ¢ a value d; as follows:

d; = max v(9).
SCN\{i}

Then d; = 0. Let d,y1 = v(N) and rename players according to the

nondecreasing order of those values. That is, player 2 is the player with the

16



lowest value besides player 1 and so on. The solution SR associates to each
game with veto players, (N, v), the following payoff vector:

" iy —d;
SR(N,v) = Z% forall [ € {1,...,n}.

1=l

Note that since d; = 0 the solution is efficient. If there is no veto player
the solution is not efficient.

The example in Section 3 illustrates how the solution behaves. The 4-
person game has a veto player, player 1. Recall the characteristic function

of the game:
1 itSe {{1a374}7{172a4}}
) 4 if S =1{1,2,3}
v(8) =19 if S =N
0 otherwise.

Computing the vector of d-values we get:
(dy,ds,ds,dy,ds) = (0,1,1,4,8).

Applying the formula

SR, = dQIdl—i_ d35d2_|_ d4gd3+ d5;d4 =3

SRy = d35d2+ d4gd3+ d52d4 —9
SRy = Gty dozdi =9
SRy = bods =1,

We prove that for monotonic® games with veto players the Serial Rule
and the SD-prenucleolus coincide.
We present several lemmas that are used in the proof of the main theorem.

Lemma 10 Let (N, v) be a monotonic veto game and let v = SR(N,v). Let

be a non veto player and let S be a coalition such thatl € S and F (S, z) > x;.
Then f'H7F<l, S) = xIr.

6Tf a game with veto players is monotonic then is balanced since the allocation where
a veto player receives v(N) and the rest receive 0 is a core allocation.

17



Proof. It is immediately apparent that the lemma is true for player n
(S)2(5) _ s\ o e
n—1 '

(the player with highest d-value) since x,, = gmﬁ g
C

lemma also must be true for player n-1 since

ni2xl — dn—2
F(S,z)=F(N\{n—1},2) = 52—

Ty
n—2

1= min
SCN,S¢{N\{n}{n}}
Following similar arguments, it is not difficult to check that if the lemma

holds for player & it must hold for player k-1. m

Lemma 11 Let (N,v) be a monotonic veto game. Let x = SR(N,v) and let
i be a non veto player. Then F(N\ {i},z) = x;.

Proof. Let T'= {l € N\ {i} : z; < x;}andlet P = {l € N\ {i} : z; > x;}.
Note that since the game is monotonic v(N\ {i}) = d;. Then by lemma 10
S SR — d;

pr\{@,@::EBTFT——::SRxNﬂa

This last equality is a consequence of the fact that for any &

N

-1
(SR, — SRy,) = db.

=1

Lemma 12 Let (N, v) be a monotonic veto game and let v = SR(N,v). Let
S be a coalition without the veto player. Then F(S,x) = Max &;.
1€
Proof. Letp = m%xxi.LetT: {ie S:x;=p}landlet P={ie S:xz <p}.
1€
Then for [ € P and applying lemma 10 it holds that

x(T)

r=F(l,z) < F(S,z) = T =p

18



Lemma 13 Let (N,v) be a monotonic veto game. Let x = SR(N,v) and
let | a non veto player. Let S be a coalition containing the veto players such
thatl ¢ S and x; = mgggx x;. Then F({l},x) =2, < F(S,x).

Proof. Assume on the contrary that z; > F(S, z).
Let [ be a non veto player such that [ ¢ S and z; = mggx z;. Let T =

{ieS:x;>x}tandlet P={i € §:z; < x;}. It is immediate that for i € P
it holds that F'({i},z) < F(S;x). Therefore
2(T) —v(S) _ =(T) — v(N\{l})

— > —
e T R T .

The first equality results from applying lemma 10. The last inequality
holds because of the monotonicity of (N, v) and the last equality is a conse-
quence of lemma 11. m

The main theorem of this section establishes the coincidence of the Serial
Rule and the SD-prenucleolus on the class of veto monotonic games.

Theorem 14 Let (N,v) be a monotonic veto game. Then SR(N,v) =
SD(N,v).

Proof. The proof is based in the above lemmas. Consider the collection
of coalitions S for which F(S,SR(N,v) < k. From lemma 12 if this collec-
tion contains a coalition without a veto player all players of this coalition
appear also in the collection as singletons. By lemma 13 and 11 if there
is a coalition S containing veto players and without non veto player [ then
coalitions N\ {l} and {l} are also present. Therefore for a non veto player
i one of the two statements is true: either coalition {/} is in the collection
or all coalitions containing the veto players also contain player 7. It is clear
that such collection is always balanced. m

It is clear that the solution denoted by SR satisfies monotonicity. That is,
on the class of monotonic veto games the SD-prenucleolus satisfies coalitional
monotonicity. (See Arin and Feltkamp (2012) to check that this result is not
true for the prenucleolus and the per capita prenucleolus.)

The result of Theorem 14 is not necessarily true if the game is not
monotonic. Consider the following 3-person balanced game. Let N =
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{1,2,3} and v({1}) = v({1,3}) = v({1,2}) = —3 and v(S) = 0 otherwise.
Then SR(N,v) = (0,0,0) # SD(N,v) = (=2,1,1).

6 Conclusions

We introduce a new solution concept for TU games. This solution is a lexico-
graphic value and can therefore be seen as a member of a family of solutions
that includes the prenucleolus and the per capita prenucleolus’. The new
solution is not a weighted prenucleolus and incorporates into its definition
the idea that the surplus obtained by a coalition is divided among its mem-
bers in a coherent way. This interpretation links the solution with the per
capita prenucleolus and both solutions can be seen as members of a family
of solutions that provides this distribution of the surplus®. Apart from the
different way of interpreting the classic concept of excess/satisfaction, the
attractiveness of the new solution relies on two interesting facts: The SD-
prenucleolus is the only known solution that satisfies core stability, strong
aggregate monotonicity and NPO property in the class of balanced games.
The SD-prenucleolus is the only known solution defined in the class of all
TU games that satisfies core stability, continuity and coalitional monotonic-
ity in the class of veto balanced games. Another paper by Arin and Katsev
(2013) adds to this list a new result: the SD-prenucleolus is monotonic in the
class of convex games. Therefore, the SD-prenucleolus is the only continuous
core concept monotonic in the class of convex games and in the class of veto
balanced games.

7 Appendix

Proof of Lemma 3.

"Note that the SD-prenucleolus satisfies several properties that the per capita nucleolus
does not satisfy (and the properties satisfied by the per capita nucleolus are satisfied by
the SD-prenucleolus). From an axiomatic point of view in this family the SD-prenucleolus
seems more attractive.

8The definition of the prenucleolus does not allow this interpretation.
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Proof. Assume that the lemma is not true. Consider the minimal number
k such that there exist coalitions S,T with S € Hy, T € Hi1 \ Hi, and
F(T) < F(S). Consider the k-th stage of the algorithm where the collection
‘Hj.—1 was fixed. It holds that S € H; and therefore

P (8) = min Fig,_,(U)

It is also known that T € Hy41 \ Hy, so F(T') = Fy, (T).

Note that because of the assumption of the minimality of k

1. for every i € op,_,(T) it holds that fy, p(i,T) = fr,_, r(i,T) < F(S5)

2. for every i € o34, (T) \ on,_,(T) it holds that fy, p(i,T) = F(5)

Consider three cases:

A. oy, (T)#T. Then

QZ(T) - U(T) - Z fHk,F(ia T)

- i€o, (T) B
FHk(T) o ‘T’ - |0Hk(T)| B
(D) =o@) = T Pl T) = FS)(lon (D] = o, (1))
N 7| — |03, (T)]

From the assumption that Fy, (T) = F(T) < F(S5)

(M) o) = X frpa (i, T) = F(S) (|02 (T)] = low,_, (T)])

iEUHk,l(T)
< F(S
T 7T =
sa(l)—ul)~ Y, fruor@i.T) < FS)T| = |ow, (1)) &
Z'EO"Hkil(T)
(T)=o(T) = X fu (i T)
& e ) < F(S) & Fy, (T) < F(S)
< My <
] = o2, . (T)] o
But F(S) = FHk_1(S) = UgTI{l;? FHk—l(U>‘
Therefore Fy, ,(T) = Ug%{in Fy,_,(U) and from the Algorithm 1 it holds
k—1

that 7" € Hy. This is in contradiction with the assumption that 7" € Hyq \
Hy.
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B. oy, ,(T)#T, oy, (T) =T. Then
P (1) = () ~o(1) = 3 6. 1) + e o . 7)
By using the fact that oy, ,(7') # T it can be concluded that
Fpo(T) = 2(T) = o(T) = Y _ fre(i,T) + F(S) =

€T

=a(T)=o(T) = Y frupr(i.T) = F(S)(|T| = log, ,(T)]) + F(S)

ieaﬁk_l (T)

From the assumption that Fy, (7)) = F(T) < F(S) it can be obtained that

2(T)=o(T) = Y freor(i.T) S FS)(T] = |ow, (D)) &

’iEO’Hkil(T)
o(T)—v(T) = > S r(i,T)
o o < F(S) & Fy (T) < F(S)
7| = |op, ., (T)] - Tt =

and as in the previous case the contradiction is obtained.
C.on, ,(T) =0, (T)=T. Then

FHk—l (T) = FHk (T)
Because of the fact that T & H, it can be concluded that

FHk (T) = Fkal(T) > min FH/@71<U) = FHk—l (S)
UgHi-1

Proof of Proposition 6.

Proof. Consider games (N,v) and (N,v4) where va(N) = v(N) + A|N|
and v4(S) = v(S) for S # N. Let x € X(v) and y € X (v4) such that for
eachi € N y;, = x; + A.

It is sufficient to show that if the following holds for any £ > 0

1. F(N,UA)(S, y) = F(N,v)(S, 1‘) + A for each S € H;

2. The collections Hy, for (N, v4,y) and (N,v,z) coincide
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then the two facts hold also for k£ + 1 (for k = 0 it is evident). This is
shown below. Note that for every T C N, i € o3, (T') it holds that

Frie i, m( T) = U:Ue?r-lI}Ci,?eUcT(F(N’U)(U) +A) = Fripi (6 T) + A
Consider a coalition 7" C N and two possible variants:
1. UHk<T) 7& T
y(T) - UA(T) - Z(T) fHk F( )
F(N UA)(T y) ’LEO’Hk _
T = low, (T))]
v(T)+ AT| = o(T) = >0 [y p(i,T) = Alos (T)]
. ZGO’Hk(T .
T = low, (T))]
HD) - D) = 5 S pliT)
lEO’Hk (N,’U)
= +A=F,"(T,x)+ A
T = low, (T o
2. O"Hk(T) =T
Fy (T 9) = y(T) = 0a(T) = 3 fyie o0, T) + max fy (i T)
i€T
=x(T) + A|T| — v( Z — A|T| + max frr(i, T)+ A=
€T
= Z (3,7 +maXfHF(zT)+A F(Nv)(Tx)—A
€T

In this way, for every coalition 7" C N it holds that
Fy (T y) = FY(T,2) + A

and therefore collections Hj.41 in both games (N, v4) and (N, v) coincide. ®
Proof of Proposition 8.
Proof. Consider a balanced game (N,v) where i € N is a null player.
Let x € C(N,v) be a core allocation. To prove the NPO property of the
SD-prenucleolus it is sufficient to show that for every S C N\ {i}

F(S,2) = F(SU{i}, ).
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It is immediately apparent that x; = 0 and coalition {i} has the minimal

satisfaction, which is 0. Therefore for coalition P = arg min % it holds
SCN\{i}
that F(P,x) = F(P U {i},z).
Consider that for coalitions that obtain their satisfaction before step k it
holds that F(S,z) = F(S U {i},x). We will prove that for the step & of the

algorithm and any coalition S € Hy, S C N\{¢} it also holds that
Fy, (S, x) = Fp (S U{i}, x). (1)

Note that
on, (SU{i}) =SU{i} oy (5) =95

Consider two cases (relevant and non relevant coalitions):
1. oy, (SU{i}) # S U{i}. Then

dSUGY —o(SULN — % fur(S)
j€or, (SU{i})

P (S U {i}) = ST 1 om0 ) )

2(5) =v(S) = 2 fur(:9)

jEU'Hk (S)

ST R em@ 1 )
2. oy, (SU{i}) = SU{i}. Then
Fr(SU{i}) =
= a(SULN) ~ oS UGN~ Y Fruri$) + mas furli,SU () =
JjeSU{i}

=2(8) = v(S) = Y _ frr (4. S) + max fr,.r(j, 5 UAi})
JjES

To show that Fy, (S U {i}) = Fy, (S) it suffices to check that
r;.le%fomF(jv SU {Z}) = I?ea‘SXfHkyF(j7 S)
But

f'Hk,F(j7 SU {Z}) = min FHk (T)

TEHy,,j€TCSU{i}
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From the fact (1) for ¥’ < k it can be concluded that for every T' € Hj, it
holds that Fy, (T') = Fy, (T U {i}). Therefore

min Fry (T) = min Fy (T) =
TeMHy,jETCSU{i} #,(T) TeHy,jETCS #,.(T)

= fr.r (G, SULI}) = fr, (5, 5)

and the proposition has been proved. m
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The existence of a continuous core concept satisfying monotonic-
ity in the class of convex games is an open question that we solve
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1 Introduction

How to divide the outcome obtained by agents that cooperate is one of the
main issues analyzed in the literature of coalitional game theory. One ap-
proach to dealing with the problem consists of proposing rules or solutions
that are used to solve the game. In this approach, the Shapley value (Shapley,
1953) and the prenucleolus (Schmeidler, 1969) stand out as the most well-
known, widely analyzed single-valued solutions for coalitional games with
transferable utility (TU games). One of the main reasons for the attractive-
ness of the Shapley value lies in the fact that it respects the principle of
monotonicity, i.e. if a new TU game w is obtained from a given TU game
v by increasing the worth of a coalition S then the members of S receive
a payoff in game w that is no lower than in game v. On the other hand,
the prenucleolus respects the core stability principle, i.e. the prenucleolus
selects a core allocation whenever the game is balanced. A core allocation
provides each coalition with at least the worth of the coalition, the amount
that the members of the coalition can obtain by themselves. It seems very
attractive to ask for a solution that fulfils both principles, since they share a
kind of incentive compatibility principle that can be summarized in the fol-
lowing idea: the higher the worth of a coalition the better for its members.
However, in the class of balanced games they are not compatible (Young,
1985) and therefore the Shapley value does not respect core stability and the
prenucleolus fails to satisfy monotonicity.

This incompatibility does not exist if we restrict the analysis to the class of
convex games where the Shapley value satisfies core stability. The nucleolus
and the per capita nucleolus do not satisfy monotonicity in thus class.

These results motivate the question that this paper seeks to solve: Does

there exists any continuous'

core concept that satisfies monotonicity in the
class of convex games? The answer is yes: the SD-prenucleolus.

This solution, introduced by Arin and Katsev (2011) also satisfies ag-

I'With the requirement of continuity we avoid core concepts defined as follows; Let ¢
be a core concept that coincides with the Shapley value if the game is convex and with
the nucleolus otherwise. The solution ¢ satisfies core stability, monotonicity for convex
games but not continuity,



gregate monotonicity and monotonicity for games with veto players. Thus,
the SD-prenucleolus is the only known concept that satisfies monotonicity
for convex games while respecting the principle of core stability, that is, it
selects a core allocation whenever the game is balanced.

The rest of the paper is organized as follows:

Section 2 introduces TU games, solutions and properties. Section 3 pro-
vides a detailed introduction to the definition of SD-prenucleolus of a game,
the notion of “relevant coalition” and the concept of SD-reduced game prop-
erty. This section is based on Arin and Katsev (2011). In Section 4 we ana-
lyze the monotonicity of the SD-prenucleolus when considering SD-relevant
games and we prove that convex games are SD-relevant games.

2 Preliminaries: TU games

A cooperative n-person game in characteristic function form is a pair (N, v),
where N is a finite set of n elements and v : 2 — R is a? real-valued function
in the family 2V of all subsets of N with v(()) = 0. Elements of N are called
players and the real valued function v the characteristic function of the game.
Any subset S of N is called a coalition. Singletons are coalitions that contain
only one player. A game is monotonic if whenever T' C S then v(T) < v(95).
The number of players in S is denoted by |S|. Given S C N we denote by
N\S the set of players of N that are not in S. A distribution of v(/N) among
the players, an allocation, is a real-valued vector z € RY where z; is the
payoff assigned by x to player i. A distribution satisfying > x; = v(N) is
called an efficient allocation and the set of efficient allocati(l);]g is denoted by
X (v). We denote > x; by x(S). The core of a game is the set of allocations
that cannot be blg)ecied by any coalition, i.e.

C(N,v) ={z € X(N,v):z(S) >v(S) forall S C N}.

It has been shown that a game with a non-empty core is balanced® and
therefore games with non-empty core are called balanced games. Player i is

2See next section for a formal definition of these concepts.
3See Peleg and Siidholter (2007).



a veto player if v(S) = 0 for all S where player 7 is not present. A balanced
game with at least one veto player is called a veto balanced game. We denote
by 'y the class of balanced games and by I'y g the class of veto balanced
games.

We say that a game (N, v) is convex if v(S) +v(T) < v(SUT)+v(SNT)
for all S,T"C N. We denote by I'¢ the class of convex games.

A solution ¢ in a class of games [y is a correspondence that associates a
set (N, v) in R¥with each game (N,v) in Ty such that z(N) < v(N) for all
x € (N, v). This solution is efficient if this inequality holds with equality.
The solution is single-valued if the set contains a single element for each
game in the class.

We say that the vector x weakly lexicographically dominates the vector
y (denoted by z <y y) if either © = y or there exists k such that x; = ¥,
for all i € {1,2,...,k — 1} and Ty > g?k where 7 and y are the vectors with
the same components as the vectors 7, y, but rearranged in a non decreasing
order (i > j = ; < 7;).

Given x € RY the satisfaction of a coalition S with respect to = in a
game v is defined as e(S,x) = x(S) — v(S). Let O(x) be the vector of all
satisfactions at x arranged in non decreasing order. Schmeidler (1969) in-
troduced the prenucleolus of a game v, denoted by PN (v), as the unique
allocation that lexicographically maximizes the vector of non decreasingly
ordered satisfactions over the set of allocations. In formula:

PN(N,v) ={z € X(V,v)|0(z) 2 0(y) for all y € X(N,v)}.

For any game v the prenucleolus is a single-valued solution, is contained in
the prekernel and lies in the core provided that the core is non-empty.

The per capita prenucleolus (Groote, 1970) is defined analogously by
using the concept of per capita satisfaction instead of excess. Given S and x
the per capita satisfaction of S at xis
z(5) —v(S)

5]

Other weighted prenucleoli can be defined in a similar way whenever a

eP(S, x) ==

weighted excess function is defined. The same solution concepts can be anal-
ogously defined using the notion of satisfaction instead of excess. Given

4



r € RY the excess of a coalition S with respect to x in a game (N, v) is de-
fined as (S, z) := x(S) —v(S). In this paper we use the notion of satisfaction
in defining the new solution.

For two-person games the nucleolus and the per capita nucleolus coincide
with the standard solution. Let ({i,,j},v) be a two person game. Then the
standard solution of the game is

v({i, 43) — v({i}) — v({i})

(v({i}) + 5 () + v({i,j}) —v({i}) —v({i})

2

).

Some convenient and well-known properties of a solution concept ¢ on I'y
are the following.

e ¢ satisfies core stability if it selects core allocations whenever the
game is balanced.

The following properties are defined for single-valued solutions.

e o satisfies coalitional monotonicity: if for all v, w € I'y, if for all S #
T, v(S) =w(S) and v(T) < w(T), then for all i € T, p,;(v) < p,(w).

e ¢ satisfies aggregate monotonicity: if for all v,w € Ty, if for all
S # N, v(S) =w(S) and v(N) < w(N), then for all i,j € N, ¢,(w) —
@;(v) = 0.

e ¢ satisfies strong aggregate monotonicity: if for all v,w € Ty, if
for all S # N, v(S) = w(S) and v(N) < w(N), then for all 4,j € N,
pi(w) — @;(v) = %‘(w) - @j(v) > 0.

Young (1985) proves that no solution satisfies coalitional monotonicity
and core stability. However there are solutions, including the per capita
prenucleolus and the SD-prenucleolus, that satisfy core stability and strong
aggregate monotonicity. Clearly, strong aggregate monotonicity implies ag-
gregate monotonicity. The prenucleolus does not satisfy aggregate-monotonicity
in the class of convex games (Hokari, 2000). The per capita prenucleolus does
not satisfy monotonicity in the class of convex games (see Arin, 2013).



The following notation is widely used in this work. We denote by (IV, ug)

uSm:{ 1 ifT=35

the game:

0 otherwise.

3 The SD-prenucleolus

3.1 Definition

In 2011, Arin and Katsev introduce the SD-prenucleolus, a solution concept
for TU games. In this section we recall some definitions and results that are
needed in the present paper.

The definition of the SD-prenucleolus is based in the concept of satisfac-
tion of a coalition given an allocation. Given a game (IV, v) and an allocation
x we calculate a satisfaction vector {F(S,x)}scny. The components of this
vector are obtained recursively by defining an algorithm.

The algorithm has several steps (at most 2" — 2) and at each step we
identify the collection of coalitions that has obtained the satisfaction. This
collection of coalitions is denoted by H. In the first step this collection H is
empty. The algorithm ends when H = 2%.

For a collection H and a function F : H — R the function Fy : 2V — R

is defined. To that end, we introduce some notation. Denote by H C 2V

ow(S)= (J T
TeH,TCS
and also for a collection H C 2% and a function F' : H — R we denote
by fr.r(i,S) the satisfaction of player ¢ with respect to a coalition S and a
collection H (i € o4(95)):
fnp(i,8) = min  F(T)

T:TeHieTCS

Note that this definition can only be used in a situation when the function
F(S) is defined for all S € H.

Now we define a function F, : 2% — R. We consider two cases (since it
is evident that o4(S) C 5):



1. Relevant coalitions. o1(S) # S. In this case the satisfaction of S is

2(S) =v(S) = > frurli,S)

iGO'H(S)

S| = lon(S)]

Fr(S) =

Note that if the collection H is empty then the current satisfaction of the
coalition S coincides with its per capita satisfaction:

z(5) — v(S)

Fp(S) = 5]

2. Non relevant coalitions. o1,(S) = S. In this case the current satisfaction
of Sis

Fr(S) = 2(S) = v(S) = Y fur(i, ) + max fr,r (1, 5)
ies

Therefore for any function F' : H — R the value fy r(i,S) can be calculated

for every coalition S and player i € oy(S). Also if a function fy p(-,-) is

defined for each S C N and ¢ € 04(S) then the function Fj; can be defined.
The algorithm for the satisfaction vector is defined as follows:.

Algorithm 1 Consider a game (N,v) and an allocation x € X (N,v).
Step 1: Set k=0, Ho = 0. Go to Step 2.
Step 2: Set

Hk+1 = Hk U {S ¢ Hk : FHk(S) = min FHk(T)}
TEHy

Step 3: Define for each S € Hyy1 \ Hy:
F(S) = F3, (5)

Step 4: If Hi1 # 2N \ {N} then let k = k+ 1 and go to Step 2, else go
to Step 5.
Step 5: Stop. Return the vector

{F(5),5 ¢ N}



For the sake of simplicity we use the notation F(S) instead of F(S,z).

The lemma below proves that the surplus of a relevant coalition (z(S) —
v)S)) is fully divided among the members of the coalition. This is not the
case with non relevant coalitions, where the surplus of the coalition is higher
than the sum of the surpluses of the members of the coalition.

Lemma 2 For every game (N, v) and allocation x € X (v) it holds that
1. For every relevant coalition S C N

> f0,8) = (S) = v(S).

2. For every non relevant coalition S C N

D f(i,8) < 2(S) = v(S).

i€S

3. For every coalition S C T C N
f(i,S) > f(i,T) foranyie€S.

Proof. 1. By the definition of satisfaction of a relevant coalition it holds

that
z(S) —v(S) — Z(S) frr (2, 5)
Fo(S) — 1E0H
u(5) ST Ton(S)]
Therefore
2(S) = v(S) = Pu(S)(IS| = low(S)) + D frr(i,S)
i€on(S)
= > fzS ZfzS > G, S)
€S\ on (S i€on (S €S

2. By the definition of satisfaction of a non relevant coalition it holds
that

F(S) = 2(5) = v(8) = 3 frerli, 5) + max (i, S).

i€S



By Lemma 3 from Arin and Katsev (2011) Fy(S) > max frr(i,S) and
therefore
D f(i,8) < x(S) —v(S).
i€s
3. It is immediately apparent. m
We illustrate the notion of relevant coalition by using the following 3-
person game. Let (N,v) be a game where N = {1,2,3} and

0 if 5] = 1

4 ifSe{{1,3},{1,2}}
~10 if § = {2,3}

6 if § = N.

v(S) =

Consider the allocation z = (5, 1,0). Applying the algorithm the following is

obtained:
Coalition Satisfaction

{3} 0
{2} {1,2}{1,3} 1
{1} 5
{2,3} 11.

Coalition {2,3} is a non relevant coalition. The rest of the coalitions are
relevant coalitions. Consider the satisfaction of coalition {1,3}. This coali-
tion has a subset (coalition {3}) that has already obtained its satisfaction.
This fact is incorporated into the computation of the satisfaction of coalition
{1,3} since o({1,3}) = {3}. Therefore

r({1,3}) —v({1,3) = > fur(i{1,3})

icon({1,3}) ~5—-4-0
[{1,3}] = [on({1,3})] 2-1 °

The total surplus of the coalition is divided as follows: player 1 gets 1

FH({L 3} vx) =

and player 3 gets 0.

The case of non relevant coalitions is different. If a coalition is non rele-
vant for any player in the coalition there exists a subset of the coalition with
a lower satisfaction and that subset determines the individual satisfaction of



the player in the non relevant coalition. Note that

2({2,3}) —v({2.3}) = 11> Y fur(i,{2,3}) =1+0.

ieon({2,3})

We define the SD-prenucleolus as a lexicographic value in the set of vectors
of satisfactions. We denote the SD-prenucleolus of game (N, v) by SD(N,v).

We say that the vector x belongs to the SD-prenucleolus if its satisfaction
vector dominates (or weakly dominates) every other satisfaction vector.

Definition 3 (Arin and Katsev, 2011) Let (N,v) be a TU game. Then
x € SD(N,v) if and only if for any y € X(N,v) it holds that F* = FY.

The SD-prenucleolus satisfies nonemptiness and single-valuedness in the
class of all TU games.

In the proof of the main theorem we need to use the fact that in the class
of all TU games the SD-prenucleolus satisfies the SD-reduced game property.
Arin and Katsev (2011) introduce the SD-reduced game.

Definition 4 Let (N,v) be a TU game, S C N and v € X(N). A game
(S,vE) is the SD-reduced game with respect to S and x if
1. v§(S) =v(N) —z(N\ S)
2. for everyT C S
FOU)N(T 2g) = min FV)(UUT,z).
UeN\S

For any game (N,v) and any allocation = the SD-reduced game exists
and is unique.

We say that a solution ¢ satisfies the SD-reduced game property on I,
SD-RGP, if for every game v € T, for all nonempty coalitions S and for all
v € 6(v), 25 € 6((S,v5)).

The SD-prenucleolus satisfies the SD-reduced game property. This type
of property* plays a determinant role in the characterization of lexicographic

4The definition of the reduced game depends on the definition of the satisfaction of a
coalition given an allocation.
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values such as the prenucleolus and the per capita prenucleolus. The reduced
games associated to the prenucleolus and the per capita prenucleolus can be
reformulated in an explicit way.

This property plays a determinant role in the proof of the main theorem
(the monotonicity of the SD-prenucleolus in the class of convex games).

3.2 Antipartitions

The notion of antipartition (Arin and Inarra, 1998) also plays a central role
in the main results of this paper.

A collection of sets C :{S S CN } is called antipartition if the collection
of sets {IN\S: S € C} is a partition of N. An antipartition is a balanced
collection of sets®. In order to balance an antipartition Q each coalition
receives the same weight, i.e. I(Zl;—l

For any game (N,v) the satisfaction of an antipartition C with weights
(|C|+1) sec is defined by
o(N) = Y see grv(S)

]

F(C) :=

Let (N,v) be a TU game and z be an allocation. We denote by B(z) the
set of coalitions with minimal satisfaction at x.

Lemma 5 Given a game (N,v ) and an allocation x, if the collection of sets

with minimal satisfaction B(x) contains an antipartition C then F(S,x) =
F(C) for all S belonging to B(x).

Proof. Let x be an allocation and let C be an antipartition in B(x). Note

that for S € C it results that F(S,z) = % = a.

Z)\S:U(S) = ZQZZ = v(N).

SecC iEN

Since C is balanced

®See Peleg and Sudholter (2007) for the definition of a balanced collection of sets.
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From the definition above the following emerges:
N|F(C
N Ehﬂ—l
Sec

From the balancedness of C it holds that

Z|C|—1 Zm—l R

SeC
2 |C| —a) |c’|

SecC

= «a|N]|.

Last equality is a direct consequence of the fact that each player is present
in all coalitions of the antipartition but one. m

Note that if the set of coalitions with minimal satisfaction with respect
to the SD-prenucleolus of the game contains an antipartition then the satis-
faction of these coalitions only depends on the characteristic function of the
game.

4 Monotonicity of the SD-prenucleolus

4.1 SD-relevant games

In this section we introduce the class of SD-relevant TU games. This class
includes the class of convex games.

A TU game is SD-relevant if given the SD-prenucleolus of the game all
its coalitions are relevant. Formally,

Definition 6 We say that a TU game (N, v) is SD-relevant if any S, S C N,
is relevant with respect to SD(N,v).

The game (N,v) where N = {1,2,3,4} and

0 if |S|=1or S e {{1,2},{3,4}}
)2 if |S] = 2
v =9 o if S| =3
4 it S =N

12



is not SD-relevant since SD(N,v) = (1,1,,1, 1) and clearly, coalition {1, 2, 3}
is non relevant at (1,1,1,1).

In what follows we provide an alternative way of computing the SD-
reduced games of an SD-relevant game which bears strong similarities to the
well known Davis Maschler reduced game.

If a game is SD-relevant then any SD-reduced game with respect to the
SD-prenucleolus of the game is also SD-relevant. Therefore in the class of SD-
relevant games all the SD-reduced games with respect to the SD-prenucleolus
belong to this class.

Lemma 7 Let (N,v) be an SD-relevant TU game. Let (S,v3P) be an SD-
reduced game with respect to the SD-prenucleolus of (N,v). Then (S,vP) is
an SD-relevant TU game.

Proof. Let P and M two subsets of S such that F(M,SD(S,v°P)) >
F(P,SD(S,v°P)) and M U P # N. We seek to prove that

F(M U P,SD(S,v")) < max { F(M, SD(S,v°")), F(P,SD(S,v"))} .

Let F(M,SD(S,v%P)) = F(MuUQ, SD(N,v5P)) for some Q C N\S and
let F(P,SD(S,v°P)) = F(PUT,SD(N,v°P)) for some T'C N\S. Clearly,
(MUQ)U(PUT)#N.

Since all coalitions in the game (N, v) are relevant It holds that
F(MUQ)U(PUT),SD(N,v°")) <

max { F(M U Q, SD(N,v"")), F(PUT,SD(N,v°P))} =
F(MUQ,SD(N,v%P)).
Note that (M UQ)U(PUT)= (M UP)U (QUT) and therefore

F(MUP,SD(S,v°P)) < F(MUQ)U(PUT),SD(N,v°P)) <

< F(MUQ,SD(N,vP)).

Therefore the SD-reduced game of an SD-relevant game is SD-relevant.
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Arin and Inarra (1998) prove that, given a convex game, the collection of
coalitions with minimal satisfaction with respect to the prenucleolus of the
game contains either a partition or an antipartition. In the case of the SD-
prenucleolus of an SD-relevant game only antipartitions should be considered,
as the following theorem shows.

Lemma 8 Let (N, v) be an SD-relevant TU game. Then the collection of sets
with minimal satisfactions with respect to SD(N,v) contains an antipartition.

Proof. Let # = SD(N,v) and let B(x) be the set of coalitions with
minimal satisfaction with respect to x. Let S be a maximal coalition in
B(x), that is, there is no coalition 7" in B(z) such that S C T. Since B(x)
is balanced for each i € S there exists a coalition, T", such that i ¢ T and
T? € B(z). Since (N,v) is SD-relevant the maximality of S implies that
N\S C T Let {T":i € S} be the set of maximal coalitions for each i in
S ((perhaps the case in which for two players 4, j it holds that T¢ = T7).
Then {T": i € S} U{S} is an antipartition. It is immediately apparent that
(N\T?) N (N\S) is empty. If for any 7, j € S it holds that (N\T%) N (N\T7)
is nonempty it is clear that 7% U 77 # N which contradicts the maximality
of TT and T7 since the fact that (N, v) is SD-relevant implies that 7% U TV is
an element of the set B(x). m

The above results allow for a different interpretation of the SD-reduced
game of an SD-relevant game. The SD-reduced games with respect to the
SD-prenucleolus can be easily computed according to the result established
by the following lemma.

Lemma 9 Let (N,v) be an SD-relevant TU game, S C N andx = SD(N,v).
Consider the SD-reduced game (S,v%). Then

W5(T) = o(TUN\ S) = 3 (T UN\ 8) = S 2(TU (N 9)).

1EN\S €T
where z(TU(N\S)) =x; — fi(TU(N\ S))

Proof. By Lemma 7 (S, v%) is SD-relevant. We denote by f& the analog
of function f for the game (S, v%).

14



By definition of fZ(i,T") it holds that

(S,vE _
15, T) = zg(lJlélTF Y() = zgflgTRIglJ{/IisF<UUR>

= g T = JETU A 5)).

Therefore
vg(T) = (T) — Z f5(i,T) = a(T) - Z A, TU(N\S)) =
=Y z(TUN\S)=v(TUN\S) - Y z%TUN\S)).
ie€T iEN\S

Here we use the fact that the coalition T'U (N \ S) is relevant in the game
(N,v). =

The corollary below presents a simple formula for computing some SD-
reduced games. This result is used in the proof of the main theorem.

Corollary 10 Let (N,v) be an SD-relevant TU game, x = SD(N,v) and
S € B(x). Consider the SD-reduced game (N\S,v") and assume that coali-
tion T'C N\S is relevant in game (N\S,v") at x. Then
vi(T) =v(TUS) =Y z(TUS)=v(TUS) - ().
ies
Proof. Since S € B(z) it holds that f(i,S) = =25 Gince (N, v)

|S]
is SD-relevant, for any 7" such that S C T it holds that f(i,7) = f(¢,.5).

Therefore,

Y #(TUuS) =) x(TUS) =) fi,TUS)=

€S €S €S

S (@iS) — 00, 8) = 2(8) — 5] =) ).

€S

The notion of SD-equivalent games is also needed in the proof of the main
results of the paper. We say that two TU games are SD-equivalents if the
two games have in the set of coalitions of minimal satisfaction with respect
to the SD-prenucleolus the same antipartition.
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Definition 11 Let x = SD(N,v) and let y = SD(N,w). We say that TU
games (N,v) and (N,w) are SD-equivalent if there exists an antipartition Q)
such that Q C B(x) and @ C B(y).

Next lemma allows us to consider only SD-relevant and SD-equivalent
game while analyzing the monotonicity of the SD-prenucleolus in the class
of SD-relevant games.

Lemma 12 For some S C N and any v € [0,a], let (N,v + yug) be an
SD-relevant TU game. Then, there exists 3, 0 < B < a such that:

1 (N,v) and (N,v+ Bug) are SD-equivalent TU games.

2 (N,v+ Bug) and (N,v + aug) are SD-equivalent TU games.

Proof. Let y = SD(N,v + aug) = SD(N,w) and © = SD(N,v). Let
Q be an antipartition contained in B(z). If Q is contained in B(y) then it
is evident that o = . If Q is not contained in B(y) then it must be the
case that S € B(y) and F(Q,v) >F(S,y,w) and any antipartition in B(y)
must include S. Let M be an antipartition in B(y). If M is an antipar-
tition in B(y) the proof is completed and o = S. If not, it is clear that
F(M,v) >F(Q,v) >F(Q,w) >F(M,w). Therefore by decreasing o we can
find a new game (N, q) = (N, v + [Sug) such that

F(M,q) =F(Q,v) =F(Q,q) >F(M,w)

Therefore with the game (N, ¢) the statement of the lemma is proved for
this last case. m

The proof of the main theorem uses the following facts:

1 We only consider SD-equivalent games.

2 The set of coalitions with minimal satisfaction with respect to the SD-
prenucelolus contains an antipartition. The satisfaction of these coalitions
only depends on the characteristic function of the game.

3 The SD-reduced games with respect to the SD-prenucleolus are SD-
relevant and can be easily computed.

Now we are in a position to present the main theorem of this section.
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Theorem 13 For some S C N and any v € [0,q], let (N,v + ~yug) be an
SD-relevant TU game. Then SD;(N,v + aug) > SD;(N,v) for anyl € S.

Proof. The fact can be proved by induction for |N|. If | V| < 2 then the
monotonicity holds since the SD-prenucleolus of the game is the standard
solution of the game. Assume that it holds for all games with no more than
k players. Now we show that it also holds for each game with k£ + 1 players.

Consider the game (N,v) with |[N| = k+ 1 and a game (N,w) = (N,v +
aug) for S € N and a > 0. We will show that for each i € S it holds that
SD;(N,v) < SD;(N,w). Assume that (N, w) and (N, v) are SD-equivalent.

From Lemma 8 for the two games there is an antipartition, (), in the
set of coalitions with minimal satisfaction. Consider a coalition 7" of this
antipartition ). We seek to compare the SD-prenucleolus of the two SD-
reduced games (N\T,v5P®) and (N\T,wP®)). We distinguish 3 cases:

1. S ¢ @ and T is not a subset of S. By applying Corollary 10, the
two SD-reduced games must coincide. Therefore players in S N N\T receive
the same payoff in both games. Since the SD-prenucleolus satisfies the SD-
reduced game property it must be the case that in games (N, v) and (N, w)
players in S N N\T also must receive the same payoff.

2. S € Q. Note that this implies that S must be in the same antipartition
with T" since otherwise the two games cannot be SD-equivalent.

If IN\T| = 1 then it is clear that SD(T,v) = SD(T,w) and consequently
SD;(N,v) = SDiN,w) for i € N\T. Therefore we only consider the case
IN\T| > 1.

Let F(S,SD(N,v),v) = F; and F(S,SD(N,w),w) = F,. Since S is
in the same antipartition in both games by applying Lemma 5 it is quite
immediately apparent that Fy, = F} — am and

SD(S,w) = w(S) + S| Fy = v(S) + a + | S| (Fy — am> _
R )
SD(S,v) +a(l N = 1)) > SD(S,v).

In this case the characteristic function w® for relevant coalitions in the re-
duced game (S, w*?) with respect to the SD-prenucleolus of the game (N, w)
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results s
USD(S)—f—Oé(l—W) U:N\T

v5P (U) otherwise

w3 (U) = {

This means that (by strong aggregate monotonicity of the SD-prenucleolus)
for each i € SN (N\T) it holds that

SD(N\T,w*P®) > SD;(N\T,v*P?V)) & SD;(N,w) > SD;(N,v).

35¢QandT CS.
In this case by applying Corollary 10,

SD
. B (S)+a U=S\T
w” (U) = { USD(U) otherwise.

In this case the TU game (N\T, wP®)) can be written as (N\T, v5P®) 4
auS\Tj. From Lemma 7 the SD-reduced games (N\T, v5?®)) and (N\T, vSP®) +
auS\Tj are SD-relevant. Note also that for any v € [0, ] it also holds that
(N \T vSP) 4 vuS\T) is an SD-relevant game®. We distinguish two cases;

3a) (N\T,v5P®)) and (N\T,vSP®) + qugr) are SD-equivalent. The
analysis can be repeated for these two TU games. If the analysis ends in
case 1 or 2 the proof is complete. Otherwise the analysis is repeated for the
resulting two new SD-reduced games. In this last case the new TU games
have fewer players. Since the result is true when the number of players is 2
it can be asserted that at some stage the procedure will end in case 1 or 2.

3b) (N\T,v5P®) and (N\T,v5°®) + aug r) are not SD-equivalent. By
Lemma 12 there exists 3, 3 < a, such that (N\T vSP®) and (N\T,vSP®) 4+
Bug\r) are SD-equivalent and (N\T,v5P®) + Bug ) and (N\T,v5P®) +
aug\r) are SD-equivalent and SD-relevant. The analysis can be repeated for
these two pairs of TU games. If the analysis ends in case 1 or 2 the proof
is complete. Otherwise the analysis is repeated for the resulting two new
SD-reduced games. In this last case the new TU games have fewer players.

6This is so because (N\T,v5P ) +au5\Tj is the SD-reduced game of (N, v+~yug) with
respect to the SD-prenucleolus of (N, v+ yug). Recall that (N, v+ yug) is by assumption
SD-relevant.
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Since the result is true when the number of players is 2 it can be asserted that
at some stage the procedure will end in case 1 or 2. It is thus proved that for
any player ¢ in S N (N\T) it holds that SD;(N,w) > SD;(N,v). Since this
is true for any coalition 7" in the antipartition () it must be concluded that
for any player ¢ in S it holds that SD;(N,w) > SD;(N,v).

Assume that (N, w) and (N, v) are not SD-equivalent. By Lemma 12 there
exists 3, f < «, such that (N,v) and (N,v + Sug) are SD-equivalent and
(N,w) and (N,v + Pug) are SD-equivalent. Therefore the above arguments
can be used to conclude that for any player ¢ in S it holds that SD;(N,v) <
SD;(N,v+ Sug).Similarly, it must be concluded that for any player ¢ in S it
holds that SD;(N,w) > SD;(N,v + fug). m

4.2 Convex games

In the class of convex games’ (Shapley, 1971) core stability and coalitional
monotonicity are compatible. In thus class, the Shapley value satisfies the two
properties. In general, the Shapley value is not a core concept. Therefore the
issue of whether a core concept satisfying monotonicity in the class of convex
games exists has been an open question. The following theorem answers the
question in the affirmative.

Theorem 14 In the class of convex games the SD-prenucleolus satisfies coali-
tional monotonicity.

The proof of this theorem results immediately from the facts that convex
games are SD-relevant games (see lemma below) and the fact that if (IV,v)
and (N,v + aug) are convex then (N, v + ~yug) is convex for any v € [0, a].

Lemma 15 Let (N,v) be a convex game and x be an allocation. Then all
coalitions are relevant with respect to x. Therefore convex games are SD-
relevant games.

Proof. The lemma is obviously true for coalitions with minimal satis-
faction, coalitions in B(x). We seek to prove that given any two relevant
coalitions, S and T, S U T is relevant.

"Convex games have been widely used to model many different economic situations.
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Assume that S and T are relevant coalitions, SUT # N and SUT is
non relevant. By convexity

z(SUT)—v(SUT)+2(SNT)—v(SNT) <z(S) —v(S)+2(T) —v(T).

Since S and T are relevant:

S) = Zf’H,F(ivS

€S
2(T) = v(T) =Y frur(i.T).
€T
Since S U T is non relevant:
2(SUT)=v(SUT) = Y frp(i, SUT)+(F (2, SUT) —max fy p(i, SUT)).
i€SUT

We consider two cases.

a) There is no relevant coalition Q C S UT such that @ g S, Q g T and
F(Q,z) < max(F(S,x), F(T,x)).

In this case it holds that

Z fH,F(ia‘SUT) =

i€SUT
Z f’HF Z S Z fHF Z T Z min(fH,F(i,T),fH,F(i,S)) + «
1€S\T 1€T\S €TNS
where o« > 0 since S U T is non relevant. Therefore
a+z(SNT)=v(SNT) < > max(frr(i,T), frrli,S))
i€TNS
or (since a > 0)
2(SNT)=o(SNT) < Y max(frr(i,T), fr,r(i,S))
i€TNS
or (assuming S N T is relevant®)

ZprzTﬂS Zmaxfﬁp(z 1), frr(i,S))

1€TNS 1€TNS

8If it is non relevant the proof is identical: a strictly positive number « just needs to
be added on the right-hand side of the inequality. Since « is positive the arguments do
not change.
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Since (SNT) C S for any i € SN T it holds that
fr,p (i, 8) < frr(i, TNS)

and similarly, since (SN7T) C T for any i € SN T it holds that
Srr (i, T) < frr(i, TNS).

Consequently, for any ¢ € SN 7T it holds that

fH,F(iv rn S) Z maX(fH,F(ia T)7 fH,F(ia S))

which contradicts the fact that

I(SQT) _U(SHT) = Z f'H,F(ia TmS) < Z ma‘X(f'H,F('L.a T)7 fH,F(ia S))
1€TNS i€TNS
b) There is a relevant coalition Q C S UT such that @ g S, Q g T and
F(z,Q) < max(F(S,x), F(T,z)). Among the relevant coalitions satisfying
these conditions () has the minimal satisfaction.
Consider the following coalitions S* and T defined as follows:
g _ { S if F(Q,x) > F(S, )

SUQ if F(Q.2) < F(S,z) ™

] TUuQ ifF(Q,z) < F(T,z)

We consider two cases:

b1) Coalitions S! and T are relevant.

Using coalitions S! and T , repeat the arguments used for coalitions S
and T'. Note that since () has been chosen with minimal satisfaction then for
these two coalitions (S'and T') case b) does not occur and it is concluded
that STUT! = SUT is relevant.

b2) Assume, without loss of generality, that S? is non relevant. Note that
S C SUT and the set of players is finite. Repeat the proof with coalitions
S and @. This ends up either in a contradiction (cases a) and bl)) or in case
b2) with two coalitions S and P (or ) and P) such that SUP (or QU P) is
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non relevant. Repeat the proof again for coalitions S and P (or ) and P). If
the proof ends in case a) or bl) the contradiction is found. If not, repeat the
proof with another two coalitions. Note that at the end two coalitions need
to be found for which case b2) does not occur since the number of players
is finite and the size of the coalitions is reduced at each step whenever the
proof ends in case b2). m

5 Concluding remarks

This paper follows up the research started by Arin and Katsev in 2011. Con-
sidering the results included in the two papers the SD-prenucleolus stands
out as the only known core concept that satisfies monotonicity in the class
of convex games and in the class of veto balanced games. Convex games’
and games with veto players have been widely used to model many different
economic situations. In both classes the compatibility between core stability
and monotonicity was known. However the existence of a continuous core
concept satisfying monotonicity in those two classes was an open question
that has been answered in the positive way: the SD-prenucleolus is a contin-
uous core concept that satisfies aggregate-monotonicity, monotonicity for of
convex games and for of veto balanced games. That is, the SD-prenucleolus
respects monotonicity and core stability in two important classes of games

where the two principles are compatible.
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