Overlapping generations with production
The economy

¢ Generation 0 has 100 members: L(0) = 100

o L(t + 1) = N - L(t). More specifically, L(t) = N* - L(0) = 100 - N°-.

¢ All members of all generations are alike, with L} = (1,0) (one unit of labour when young and zero
units when old) and u} = c{(t) - ci(t + 1).

e Since all individuals are alike, there is no market for loans.

e The production function is Y(t) = A(t) - K()Y? - L(t)Y2.

1/2

e The wage rate is w(t) = — =2+ A(t) - (IZ((:))) :
-1/2
e The price of capitalis o(t) = — ==+ A(t) - (I,f((tt)) ) :

e o(t + 1) can be interpreted as the interest rate R(t).

Case 1: neither population growth nor technological progress
Therefore, N = 1 and, for all t, A(t) = A > 0. For simplicity, set A = 1.
K'(t + 1) is what individual i saves at t (in the form of capital) when young.

Budget constraint of each young individual: cé )+ Ki(t+1) =1 w(t).
Budget constraint of each old individual: cé (t+1)=o(t+1) -Ki(t+1).

Lifetime budget constraint of each individual: c}(t) + % = w(t).
i dub/acit) _ clt+1)
MRS; = dul/dci(t+1) ~ ci(t)
ct(t+1)

To maximize ul, MRS} = o(t + 1). Hence, ci(t) = Using the lifetime budgetr constraint,
w(t)
—

o(t+1)"
2ci(t) = w(t). Young i’s demand function for consumption is cl(t) =

The savings function of individual i is si(t) = w(t) —ci(t) = %t)

Since there are 100 young individuals in period t, total savings are S(t)=50"-w(t)=50-

1 (k)% _s 1/2
2'(100) =7 KOV
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Equilibrium condition: S(t) = K(t + 1).

_E. 1/2 . . . . . dK(t+1)_E. 1
Hence, K(t+1) = 5 K(t)*/“. This function is increasing ( KO 1 KO > 0) and concave
a’K(t+1) 5 1
( dK(t)2 8 K(t)3/? <0).

Condition for a steady state: K(t + 1) = K (t).

Steady-state K > 0 satisfiesK = g -KY2, That is, K = %. Accordingly, K'= %,

— 1 _ 1
cyoung = o and ¢° = -

Qi
[
\l\)

—_1
w—g,

Case 2: population growth without technological progress

The only change is that, now, S(t) = L(¢t) - si(t) = 100 - Nt .20 _ 5. Nt w(t) =50-Nt-2. A(t) -

K@®) 1/2_ t K@) 1/2_5 12 NY _5 1/2 . nt/2
(Ge) =25N (o) =5 KOV gz =3 K@Y N2,

In equilibrium, S(t) = K(t + 1). Asaresult, K(t + 1) = g -K(t)Y/? - Nt/2,

5
. _K(t+1) _ yK®VENY? K(t)/? Nt/2
The (gross) rate of growth of K is Gg(t+1) = X@® _E-Kzt—1)1/2-1v(t—1)/2=K(t—1)1/2'1v(t—1)/2
2

1/2 t (t-1
(KI((t(f)l)) Nz (%) = Gk (D)2 - NY2 In the limit, Gg(t+ 1) = Gx(t) = Gx. Consequently, Gy =

Gx'/? - NY/2. That is, G¢*? = N¥/2. In sum, Gx = N: the capital stock eventually accumulates at the

same rate as the population.

The (gross) rate of growth of Y is Gy(t+1) =
100'Nt+1 1/2 _ 1/2 1/2 . . _ _ _ _

(o) =Gyt + 1)Y/2 - N2, In the limit, Gy(t + 1) = Gy(t) = Gy and Gy (¢t + 1) = Gy(t) = Gy

Therefore, Gy = GKl/ 2. N2 As shown previously, Gx = N. It then follows that G, = N¥/2 . N1/2 =

N: total output eventually also accumulates at the same rate as the population.

Y(t+1) _ AGt+1)-K(E+DV2L(E+1)Y2 (K(t+1))1/2 .
Y(@) ~ AR)-K(®)/2-L()1/? "\ K@

, Y(t+1) A(t+1)_(K(t+1))1/2
The (gross) rate of growth of output per capita n is Gy, (t+1)= “&;) = ;E:;lf/z
L(D) A(f)'(m)
_ -1/2
K+\2 (s V2 12 (100-N4+1 _ 12 n—1/2 .
( %0 ) ( 0 ) =Gg(t+1) ( To0 N ) =Gg(t+1) N . In the limit, Gy, (t+

1) = Gy, (8) = Gy, and Gy(t +1) = Gx(t) = Gx. Hence, Gy, = G/? N"V2=NV2.N"V2 =1,

Since both Y and L grow at the same rate, % does not grow in the limit: output per capita eventually

stops growing and remains constant.
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Case 3: technological progress without population growth

Suppose A(t) = A*: technology grows at rate A. Population is constant: for all t, L(t) = 100.
Accordingly, Y(¢) = At - K(©)Y% - L()Y? = 10 - A* - K (£)Y/2 -

As in Case 1,si(t) = w(t) —ci(t) = «®
L(t)™Y2 = - ALK (D)2,

and S(t) =50-w(t), where w(t)= %-At CK(6)Y? .

In equilibrium, S(t) = K(t + 1). In view of this, K(t + 1) = g -K(H)Y? - AL

5
. K(t+1) ~K(£)1/2.4t K(£)/2
The (gross) rate of growth of K is Gg(t +1) = =2 — =
K(t) ;.K(t_l)l/Z.At 17 K(t-1)1/2

A=A-Gg()Y?. In

the limit, Gx(t + 1) = Gg(t) = Gg. As a consequence, Gx = A - GxY?. That is, Gy = A?: the capital

stock eventually accumulates at a higher rate than technology.

Y(t+1) _ 10-A7LK(e+1)Y2 ) (K(t+1)
Y(t) ~ 10-ALK(@©)Y2 T K(t)

Y2 In the limit, Gy(t + 1) = Gy(t) = Gy and Gg(t + 1) = Gx(t) = Gk. Thus, Gy = A - Gx*/%. Since

Gy = A%, Gy = A-(A%)Y/2 = A%: total output eventually also accumulates at a higher rate than

technology.

1/2
The (gross) rate of growth of Y is Gy(t +1) = ) =A-Gg(t+

Y(t+1)
LY Lie+n _ Y(t+1)
The (gross) rate of growth of output per capita - is Gy, (t +1) = % = Yo - Gy(t+1). As

L(D

population does not grow, it is plain that ¥ and %both grow at the same rate. In particular, in the

limit, output per capita grows at a higher rate than technology.

Case 4: population growth with technological progress

Let Y(t) = A® - K(£)Y/? - L(t)Y/? and L(t) = 100 - N¢. Now:

1 1 K(t)Y/?
—_.At. 1/2 -1/2 — gt
w(t) > At - K(t) L(t) 20 A N2
. w(t) 1 K(@t)Y? 5
S() =L(t)-si(t) =100- Nt - ——==100- Nt - — - At . —Z— = —. AL . K(£)V/2 . Nt/2
(t) = L(t) - s'(t) > 50 Ni/2 > ®)

In equilibrium, S(t) = K(t + 1). Accordingly:
5
KE+1) =5 At - K (t)Y/? - Nt/2

3 | Overlapping generations - Example 2 | 17 October 2013



t—1

S at.k(t)1/2.Nt/2
K+ FAK®O TN = A Gy (D)? &) =A- G2 -NY2, in the

With GK(t + 1) = K(t) - ;.At—l.K(t_l)l/Z.N(t—l)/z

limit, Gx = A - Gx*/? - N2, s0 G¢*? = A- NY/2, All in all, Ggx = A% - N: the rate at which the capital

stock eventually accumulates is the rate at which population grows multiplied by the square of the

rate at which technology progresses.

t+1, 1/2. 1/2 vty 1/2
With Gy(t + 1) — Y(t+1) _ AYTHK(t+1) /4 L(t+1) —A. GK(t n 1)1/2 ) (M

/
=A- 1/2,
Y(t) ATK(O)Y2-L(t)1/? T00NE ) A-Gg(t+1)
N2, in the limit Gy = A- G'/? - N2 = A- (A2 - N)/2.N1/2 = A2 . N. This says that the rate at

which total output eventually accumulates is the rate at which population grows multiplied by the

square of the rate at which technology progresses.

Y(t+1) At+1.(K(t+1))1/2 K+1) \ 1/2 K(t+1) \ 1/2 D) 1/2

. _ Lt+1) _ L(t+1) — A . [ 100NEFT — 1. K(t) — 1. Gg(t+1 .

Wlth GY/L (t + 1) - @ - . K(© 1/2 —_ A ( K(D) > - A T00.NE+L - A (—N ) , m
L(t) A (_) 100-N? 100Nt

L)
the limit, Gy,, = A+ G/? - N™Y2 = A (A% - N)/2 . N~1/2 = A2: the rate at which output per capita

eventually accumulates is the square of the rate at which technology accumulates.
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